Abstract. We show that, if A is a finite dimensional associative H-module algebra for an arbitrary Hopf algebra H, the proof of the analog of Amitsur's conjecture for H-codimensions of A can be reduced to the case when A is H-simple. Here we do not require that the Jacobson radical of A is an H-submodule. As an application, we prove that if H m 2 (ζ) is the mth Taft algebra, then the codimensions of polynomial H m 2 (ζ)-identities of every finite dimensional associative H m 2 (ζ)-module algebra over a field of characteristic 0 satisfy the analog of Amitsur's conjecture.
Motivation and history
Numerical sequences attached to an object are used in many areas of algebra. One of such sequences is the sequence of codimensions c n (A) of polynomial identities of an associative algebra A. By the definition, c n (A) := dim Pn Pn∩Id (A) where P n is the vector space of multilinear polynomials in the non-commuting variables x 1 , . . . , x n and Id(A) is the set of polynomial identities of A, i.e. such polynomials that vanish under all evaluations in A.
Codimensions arise naturally when one calculates a basis for polynomial identities of an algebra over a field of characteristic 0. In addition, codimesions were used by A. Regev [24] to show that the tensor product of PI-algebras (i.e. algebras satisfying a non-trivial polynomial identity) is again a PI-algebra.
In 1999 A. Giambruno and M. V. Zaicev [13] proved the following conjecture:
Conjecture 1 (S. A. Amitsur). For every associative PI-algebra A over a field F of characteristic 0 there exists PIexp(A) := lim n→∞ n c n (A) ∈ Z + .
Probably, the most exciting thing in their proof was that they provided (at least in the case when A is finite dimensional and F is algebraically closed) the formula for PIexp(A) involving the Jacobson radical J(A) of A and simple components of A/J(A). In 2002 M. V. Zaicev [30] proved the analog of Amitsur's conjecture for finite dimensional Lie algebras. The formula for the PI-exponent of Lie algebras was more complicated, than in the associative case, and involved annihilators of irreducible factors of the adjoint representation of the Lie algebras.
The results mentioned above suggest further investigation of the connection between the structure of an algebra and the asymptotic behaviour of its codimensions, especially in the case when the algebra is endowed with an additional structure, e.g. a grading, an action of a group G by automorphisms and anti-automorphisms or an action of a Lie algebra by derivations, since in this case it is reasonable to consider, respectively, graded, G-or differential identities [3, 4, 21] . The case of Hopf algebra action is of special interest because of the importance of quantum symmetries in the modern science and the recent developments in the theory of algebras with Hopf algebra actions [8, 9] .
In order to study all these cases simultaneously, it is useful to consider generalized Hactions (see the definition in Section 2). Probably, first who used such actions and studied polynomial H-identities was Allan Berele [6, remark before Theorem 15] in 1996 (see also [5] ).
Denote by (c
the sequence of codimensions of polynomial H-identities of an algebra A with a generalized H-action. The following informal questions arise naturally:
Questions. Under which conditions on H-action holds the analog of the Amitsur's conjecture, i.e. there still exists an integer
What do we need from the structure of A ?
Note that the analog of the Amitsur's conjecture itself becomes here in some sense a tool for studying and understanding H-actions.
Example 4 below shows that in the case when A and H are both infinite dimensional the codimensions c H n (A) could be infinite. Therefore it is reasonable to reduce our consideration to the case when either A or H is finite dimensional.
In the case of associative PI-algebras graded by a finite group, the analog of Amitsur's conjecture for codimensions of graded identities was proved in 2010-2011 by E. Aljadeff, A. Giambruno, and D. La Mattina [1, 2, 10] . Their proof of the lower bound was based on the classification of finite dimensional graded-simple algebras. In 2012 the author of the current paper noticed [14, Theorem 7] that one can avoid this by using the density theorem for H-simple algebras and the non-degeneracy of the trace form for a semisimple algebra. Probably, for the first time this trick was used by Yu. P. Razmyslov [23, Chapter III] in his construction of central polynomials for representations of semisimple Lie algebras. Later the trick was used by A. Giambruno, I. P. Shestakov, M. V. Zaicev [11] for arbitrary simple non-associative algebras having a non-degenerate trace form. The trick enabled the author to prove the analog of Amitsur's conjecture for all finite dimensional associative H-module algebras [14, Theorem 3] for a finite dimensional semisimple Hopf algebra H avoiding the classification of H-simple algebras which is still unknown. The proof was based on the Hinvariant version of the Wedderburn -Mal'cev Theorem [27] . At that moment it was still unknown whether the analog of Amitsur's conjecture held, say, for actions of infinite groups, gradings by infinite groups and actions of Lie algebras by derivations. (WedderburnMal'cev decompositions invariant under actions of infinite groups and Lie algebras do not always exist, see [15, Examples 4 and 5] .) It was settled in 2013 when the author removed this requirement [15, 16] proving the analog of Amitsur's conjecture for finite dimensional associative algebras A with a generalized H-action, where H is an associative algebra with 1, such that the Jacobson radical J(A) is an H-submodule and A/J(A) is the direct sum of H-simple algebras. Note that there, instead of an H-invariant version of the WedderburnMal'cev Theorem, the author used the ordinary Wedderburn -Mal'cev Theorem.
In 2014 the author [19] (see also [20] ) found the first counterexamples to the analog of Amitsur's conjecture for A in the case when A is a module algebra for a finite dimensional bialgebra H. In the examples, bialgebras H were semigroup algebras of semigroups of two elements and PIexp H (A) were non-integer. At the same time, if a finite dimensional associative algebra is graded by a cancellative semigroup, then there exists an integer graded PI-exponent [19, Theorem 6] .
In 2015 Yaakov Karasik [29] proved the existence of an integer PIexp H (A) for (not necessarily finite dimensional) H-module PI-algebras A for finite dimensional semisimple Hopf algebras H.
Despite the counterexamples mentioned above, we still believe that the analog of Amitsur's conjecture is true in the following form which belongs to Yu. A. Bahturin: Conjecture 2. Let A be a finite dimensional associative H-module algebra for a Hopf algebra H over a field of characteristic 0. Then there exists an integer PIexp H (A) := lim n→∞ n c H n (A).
As we have mentioned above, the proofs in all previous papers [1, 2, 10, 14, 15, 17, 18, 29] worked only in the case when the Jacobson radical J(A) is an H-submodule or A is H-simple itself.
In the current article we do not assume that the Jacobson radical of A is H-invariant, replacing the Wedderburn -Mal'cev theorem by its weak analog (Lemma 1) which still makes it possible to transfer the computations to H-simple algebras. In Theorem 3 we show that Conjecture 2 can be reduced to the existence of an H-polynomial which is an polynomial non-identity and has sufficiently many alternations. More precisely, we prove that if H is a unital associative algebra, A is a finite dimensional associative algebra with a generalized H-action, J H (A) is its maximal nilpotent H-invariant ideal and A/J H (A) is the direct sum of H-simple algebras satisfying Property (*) (see Section 3), then there exists integer PIexp H (A). In other words, the analog of Amitsur's conjecture is a consequence of Property (*) and the H-invariant analog of the Wedderburn -Artin Theorem.
The H-invariant analog of the Wedderburn -Artin Theorem holds for all finite dimensional H-module algebras for any Hopf algebra H [25, Theorem 1.1], [26, Lemma 4.2] (see also Lemma 2 below), however there exist finite dimensional algebras with a generalized H-action, namely semigroup graded algebras, where it does not hold [19, Example 4] .
Property (*) implies that the exponents of growth of H-identities of the corresponding H-simple algebras are integer and equal their dimensions. Property (*) holds for all finite dimensional semisimple (in ordinary sense) H-simple algebras [14, Theorem 7] and for all finite dimensional algebras simple with respect to the action of a Taft algebra H m 2 (ζ) [18, Lemmas 5 and 7] . However, there exist finite dimensional algebras with a generalized Haction, which again are semigroup graded algebras, where the H-PI-exponent is non-integer and Property (*) does not hold [19] . (See also [20] .)
As an application, we show that Conjecture 2 holds for H = H m 2 (ζ) (Theorem 2) which is a crucial step for proving the conjecture for an arbitrary pointed Hopf algebra H.
H-module algebras and their generalizations
An algebra A over a field F is a (left) H-module algebra for some Hopf algebra H if A is endowed with a homomorphism
Here we use Sweedler's notation ∆h = h (1) ⊗ h (2) where ∆ is the comultiplication in H and the sign of the sum is omitted.
Note that we do not require from A to be unital. We say that an H-module algebra A is a unital H-module algebra if there exists 1 A and, in addition,
We refer the reader to [7, 22, 28] for an account of Hopf algebras and algebras with Hopf algebra actions.
As we have already mentioned, it is useful to consider a more general situation. Let H be an arbitrary associative algebra with 1 over a field F . We say that an associative algebra A is an algebra with a generalized H-action if A is endowed with a homomorphism H → End F (A) and for every h ∈ H there exist some k ∈ N and some h
Equivalently, there exist linear maps ∆, Θ :
(Here we use the notation ∆(h) = h (1) ⊗ h (2) and Θ(h) = h [1] ⊗ h [2] .) Example 1. If A is an H-module algebra, then A is an algebra with a generalized H-action.
Example 2. Recall that if T is a semigroup, then the semigroup algebra F T over a field is the vector space with the formal basis (t) t∈T and the multiplication induced by the one in T . Let A be an associative algebra with an action of a semigroup T by endomorphisms and anti-endomorphisms. Then A is an algebra with a generalized F T -action.
Example 3. For every semigroup T we consider the space (F T )
* is an algebra with the multiplication defined by (hw)(t) = h(t)w(t) for h, w ∈ (F T ) * and t ∈ T . The identity element is defined by 1 (F T ) * (t) = 1 for all t ∈ T . In other words, (F T ) * is the algebra dual to the coalgebra F T . Let A be a finite dimensional T -graded algebra, i.e. there is a fixed decomposition Γ :
for all a, b ∈ A, t ∈ T where supp Γ := {w ∈ T | A (w) = 0}. (Since the expression is linear in a and b, it is sufficient to check it only for homogeneous a, b.) By the finiteness of supp Γ, we get (1) for every h ∈ (F T ) * , and A is an algebra with a generalized (F T ) * -action.
Let A be an algebra with a generalized H-action for some associative algebra H with 1 over a field F . We say that a subspace V ⊆ A is invariant under the H-action if HV = V , i.e. V is an H-submodule. If A 2 = 0 and A has no non-trivial two-sided H-invariant ideals, we say that A is H-simple. Denote by J H (A) the maximal nilpotent H-invariant two-sided ideal of A. We call J H (A) the H-radical of A. If A is Noetherian (e.g. Artinian or even finite-dimensional), then J H (A) always exists. Now we prove the following lemma which is a weak form of the Wedderburn -Mal'cev theorem for H-radicals and plays the crucial role in the article: Lemma 1. Let A be a finite dimensional algebra with a generalized H-action for some associative algebra H with 1 over an algebraically closed field F . Then there exists a maximal semisimple (in the ordinary sense) subalgebra B ⊆ A/J H (A) and an F -linear embedding Consider the Pierce decomposition
(direct sum of (B 0 In order to apply Theorem 1 without any assumptions on the existence of 1 A , we make the following observation which is also of independent interest. Lemma 2. Let A be a left H-module right Artinian algebra for some Hopf algebra over a field F such that J H (A) = 0. Then A a unital H-module algebra.
Proof. Let A + := A ⊕ F 1 A + where 1 A + is the adjoint unit of A. Define h1 A + := ε(h)1 A + for all h ∈ H. Then A + is a unital H-module algebra and A is a two-sided H-invariant ideal of A + . Since A + /A and A are right Artinian A + -modules, A + is a right Artinian algebra and we can apply Theorem 1. We get A + = B 1 ⊕ . . . ⊕ B q (direct sum of H-invariant ideals) for some q ∈ Z + and some unital H-simple H-module algebras B i . Since A is a two-sided H-invariant ideal of A + and each AB i equals either 0 or B i , we obtain that A is the direct sum of all but one B i . Since all B i are unital and h1 B i = ε(h)1 B i for h ∈ H, we get the proposition.
As a consequence, if A is a finite dimensional H-module algebra for a Hopf algebra H, we always have A/J H (A) = B 1 ⊕ B 2 ⊕ . . . ⊕ B q (direct sum of H-invariant ideals) for some H-simple H-module algebras B i .
Polynomial H-identities
Let F X be the free associative algebra without 1 on the set X := {x 1 , x 2 , x 3 , . . .}. Then
is the linear span of all monomials of total degree n. Let H be an arbitrary associative algebra with 1 over F . Consider the algebra
with the multiplication (
We use the notation
Note that if (γ β ) β∈Λ is a basis in H, then F X|H is isomorphic to the free associative algebra over F with free formal generators x γ β i , β ∈ Λ, i ∈ N. We refer to the elements of F X|H as associative H-polynomials. Note that here we do not consider any H-action on F X|H .
Let A be an associative algebra with a generalized H-action. Any map ψ : X → A has the unique homomorphic extensionψ : F X|H → A such thatψ(x h i ) = hψ(x i ) for all i ∈ N and h ∈ H. An H-polynomial f ∈ F X|H is an H-identity of A ifψ(f ) = 0 for all maps ψ : X → A. In other words, f (x 1 , x 2 , . . . , x n ) is an H-identity of A if and only if f (a 1 , a 2 , . . . , a n ) = 0 for any a i ∈ A. In this case we write f ≡ 0. The set Id H (A) of all H-identities of A is an ideal of F X|H .
We denote by P H n the space of all multilinear H-polynomials in x 1 , . . . , x n , n ∈ N, i.e. P
Then the number c H n (A) := dim
is called the nth codimension of polynomial H-identities or the nth H-codimension of A.
Remark. Every algebra A is an H-module algebra for H = F . In this case the H-action is trivial and we get ordinary polynomial identities and their codimensions.
Remark. If A is a finite dimensional algebra graded by a semigroup T , then one can introduce the notion of graded polynomial identities and their codimensions. However, by [19, Lemma 1], we have c
Now we give an example of an infinite dimensional H-module algebra for an infinite dimensional Hopf algebra H such that all H-codimensions are infinite: Theorem 2. Let A be a finite dimensional non-nilpotent H m 2 (ζ)-module algebra over a field F of characteristic 0. Then there exist constants
Remark. If A is nilpotent, i.e. x 1 . . . x p ≡ 0 for some p ∈ N, then P Corollary. The analog of Amitsur's conjecture holds for such codimensions.
We derive Theorem 2 from Theorem 3 below. First, we introduce the following property: (*) Suppose B is a finite dimensional algebra with a generalized H-action for some associative algebra H with 1 over a field F . Let a 1 , . . . , a ℓ be a basis of B. We say that B satisfies Property (*) if B is unital and there exists a number n 0 ∈ N such that for every k ∈ N there exist a multilinear H-polynomial
and elementsz i ∈ B, 1 i n 1 , 0 n 1 n 0 , such that f is alternating in x 2k and f (a 1 , . . . , a ℓ ; . . . ; a 1 , . . . , a ℓ ;z 1 , . . . ,z n 1 ) = 0. 
where
If moreover all B i satisfy Property (*), then, in addition, there exist C 1 > 0 and r 1 ∈ R such that c
Note that the upper bound from Theorem 3 was proved in [15, Lemma 2] . The lower bound from Theorem 3 is proved in Section 4 below. Now we derive Theorem 2 from Theorem 3. Theorem 4. Let A be a finite dimensional non-nilpotent associative H-module algebra for a Hopf algebra H over a field F of characteristic 0. Suppose that the Jacobson radical J(A) is an H-submodule. Then there exist constants d ∈ N, C 1 , C 2 > 0, r 1 , r 2 ∈ R such that
Proof. Let K ⊃ F be an extension of the field F . Then
As we have mentioned above, H-codimensions do not change upon an extension of the base field. Thus we may assume F to be algebraically closed. By Theorem 1, A/J(A) = B 1 ⊕ . . . ⊕ B q (direct sum of H-invariant ideals) for some H-simple algebras B i . Since A/J(A) is semisimple, B i are semisimple too. By [14, Theorem 7] , B i satisfy Property (*). Now we apply Theorem 3.
Lower bound
In order to prove the lower bound, we construct a polynomial alternating in sufficiently many sufficiently large sets of variables. 
, be a basis in B i , 1 i r. By the virtue of Property (*), there exist constantsm i ∈ Z + such that for any k there exist multilinear polynomials
Now we choose polynomials f i , 1 i r, for this particular k. In addition, again by Property (*), we takef 1 =f 1 (x 
